This paper presents a semiclassical model for the anisotropic thermal transport in III-V semiconductor superlattices (SLs). An effective interface rms roughness is the only adjustable parameter. Thermal transport inside a layer is described by the Boltzmann transport equation in the relaxation time approximation and is affected by the relevant scattering mechanisms (three-phonon, mass-difference, and dopant and electron scattering of phonons), as well as by diffuse scattering from the interfaces captured via an effective interface scattering rate. The in-plane thermal conductivity is obtained from the layer conductivities connected in parallel. The cross-plane thermal conductivity is calculated from the layer thermal conductivities in series with one another and with thermal boundary resistances (TBRs) associated with each interface; the TBRs dominate cross-plane transport. The TBR of each interface is calculated from the transmission coefficient obtained by interpolating between the acoustic mismatch model (AMM) and the diffuse mismatch model (DMM), where the weight of the AMM transmission coefficient is the same wavelength-dependent specularity parameter related to the effective interface rms roughness that is commonly used to describe diffuse interface scattering. The model is applied to multiple III-arsenide superlattices, and the results are in very good agreement with experimental findings. The method is both simple and accurate, easy to implement, and applicable to complicated SL systems, such as the active regions of quantum cascade lasers. It is also valid for other SL material systems with high-quality interfaces and predominantly incoherent phonon transport.
I. INTRODUCTION
Nanoscale thermal transport is of considerable importance in the operation of modern electronic, optoelectronic, and thermoelectric devices.
1,2 In superlattices (SLs), multiple interfaces between different materials play a critical role in thermal transport.
2,3 Advanced experimental techniques have enabled the measurements of the in-plane 4 and cross-plane 5, 6 thermal conductivity is SLs. Experiments show that the thermal conductivity of SLs is anisotropic and considerably lower than that of the constituent bulk materials. [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] Theoretical studies find that diffuse interface scattering is responsible for lowering of the in-plane (and, in part, the cross-plane) thermal conductivity, while the thermal boundary resistance (TBR) between adjacent layers is a key factor in the cross-plane thermal-conductivity reduction. 2, 3, 17, 18 Superlattices based on III-V compound semiconductors have widespread use in optoelectronics. 19, 20 In quantum cascade lasers (QCLs), self-heating is the main issue limiting the development of room-temperature (RT) continuous-wave lasing, which is exacerbated by the poor thermal conduction through hundreds of interfaces in a typical structure. 14, 21, 22 A good understanding of the influence of interfaces on the thermal conductivity tensor of III-V SLs would enable advances in the design and modeling and optoelectronic devices for enhanced reliability.
The interfacial transport behavior is largely dependent on the material system and interface quality.
2 The acousa) Electronic mail: song.mei@wisc.edu b) Electronic mail: irena.knezevic@wisc.edu tic mismatch model (AMM) and the diffuse mismatch model (DMM) have been traditionally used to calculate the phonon transmission coefficient and the resulting TBR of an interface. 23, 24 These two models yeild the lower and upper limits of the TBR, respectively, but do not satisfactorily explain realistic experimental results.
3
Molecular dynamics simulations [25] [26] [27] [28] [29] [30] have provided valuable insights into heat transport across a number of solidsolid interfaces. The non-equilibrium Green's function technique (NEGF) has also been applied to describe the phonon dynamics, 31, 32 generally without phonon-phonon scattering. In general, atomistic simulations are limited by computation burden, which makes it hard to study complicated SL structures, such as the active region of solid-state lasers. 19, 20 In this paper, we present a semiclassical model describing the full thermal conductivity tensor of III-V compound SL structures, and apply it to III-arsenide systems. The phonon transport inside each layer is captured by solving the phonon Boltzmann transport equation (PBTE) in the relaxation-time approximation (RTA), with rates describing the common internal scattering mechanisms as well as the partially diffuse scattering from the interfaces. 33 The in-plane thermal conductivity is obtained from the layers connected in parallel, while the cross-plane conductivity is calculated from the layers and TBRs in series. The TBR of each interfaces is calculated by interpolating between the AMM and DMM transmission coefficients at the interface. Both the partially diffuse interface scattering and the AMM-DMM interpolation are described with the aid of the same momentum-dependent specularity parameter, in which there is a single adjustable parameter -an effective interface rms roughness. The model can effec-tively describe complicated systems with an arbitrary number of interfaces and random layer thicknesses. Despite the model simplicity, the calculation results agree well with experimental data from multiple studies by different groups. [7] [8] [9] [10] 12, 15, 16 The model is also quite general: it is applicable to SLs in other material systems with good-quality interfaces and semiclassical phonon transport. 11, 13, 34 This paper is organized as follows. Section II describes the SL thermal transport model in detail: the role of interface roughness on the baseline layer conductivity that affects both cross-plane and in-plane conduction, as well as the additional effect it has on cross-plane transport through the TBR. In Sec. III, we illustrate the robustness of the transport model by comparing our calculation results with a number of experiments on GaAs/AlAs and InGaAs/InAlAs superlattice systems, and we also calculate the thermal conductivity tensor in a quantum cascade laser active region. We conclude with Sec. IV. This paper is accompanied by electronic Supplementary Materials.
II. THERMAL CONDUCTIVITY OF III-V SUPERLATTICES
A semiconductor superlattice (SL) is a periodic structure, with each period consisting of two or more thin layers of different materials. III-V semiconductor SLs have been widely used in electronic and photonic devices. 19, 20, 35, 36 Experimental results on several material systems show that thermal conductivity of a SL is substantially lower than that of a weighted average of the constituent bulk materials. [7] [8] [9] [10] [11] [12] [13] 15, 16 Thermal transport in SLs also exhibits pronounced anisotropy: the cross-plane thermal conductivity (the thermal conductivity in the SL growth direction, normal to each planar layer) is much lower than the in-plane thermal conductivity.
2 Theoretical studies show that the interfaces between adjacent layers are responsible for both the overall reduction and the anisotropy of thermal conductivity. 17, 18, 25 Here, we offer a model that quantitatively captures both effects of the interfaces.
Even though a typical layer thickness in III-V SL structures is on the order of a few nanometers, we argue that coherent phonon transport can be neglected and that the semiclassical phonon Boltzmann equation provides an appropriate framework for analyzing heat flow in these systems over a range of temperatures. The reasons for this assertion are the following:
1. We are interested in the thermal conductivity of SLs near room temperature, where the phononphonon interaction is strong and breaks the phonon wave coherence. 34 The phonon coherence length in bulk GaAs at room temperature has been estimated to be smaller than 2 nm 17, 18 and this value will be even lower in ternary compounds owing to
Even between lattice-matched crystalline materials, there exist nonuniform transition layers that behave as an effective atomic-scale interface roughness with some rms height ∆. This effective interface roughness leads to phononmomentum randomization and to interface resistance in crossplane transport.
alloy scattering. Several SL structures we consider here [7] [8] [9] [10] 12, 15, 16 have layers of thickness greater than or comparable to the phase-breaking length in individual layers, which implies that transport in them is largely incoherent. Indeed, experiments find that coherent transport features are important in GaAs/AlAs SLs below T<100 K. 37 In SLs with ternary III-V compounds, coherent transport phenomena would be important at even lower temperatures.
2. Even in best-quality lattice-matched SLs, there exists atomic scale interface roughness ( Fig. 1) 
37-42
which may break phonon phase coherence. 43 Based on molecular dynamics, Wang et al. 44 showed that the thermal conductivity of SLs with rough interfaces increases monotonically with period length, in contrast to perfect SLs that feature nonmonotonic dependence. This finding confirms that phonons suffer from phase-breaking scattering in roughinterface SLs.
3. In QCLs, the SL has multiple periods, often called stages, with many layers in each stage. The layer thickness in each stage is highly variable, depending on the desired optoelectronic properties.
22,45
Consequently, the QCL SL structure behaves as a nearly random multilayer system, which breaks phonon phase coherence.
44,46
As a result of all the reasoning above, we do not consider phonon coherent transport or phonon confinement to analyze thermal transport. We use bulk dispersions and the phonon Boltzmann transport equation in the SL thermal conductivity calculations.
A. The Twofold Influence of Effective Interface Roughness
As mentioned briefly above, there will inevitably exist a few transition layers between adjacent materials in a SL structure.
37-42 Figure 1 shows a schematic of interfaces between lattice-matched crystalline layers in SLs. In the transition region, if we drew a line that separated the atoms of one crystal from those of the other, we would get a jagged boundary. Therefore, we model the interface with an effective interface rms roughness ∆, which captures the basic properties of interfacial mixing. The thicker the transition layer, the higher the ∆. Most III-V SLs are grown by molecular beam epitaxy (MBE) 47 or metal-organic chemical vapor deposition (MOCVD), 48 both well-controlled growth environments. As a result, all the interfaces in the SL should be nearly identical. Therefore, we use a single roughness ∆ to model all the interfaces.
The probability of a phonon reflecting specularly from a rough interface is represented by a wave-numberdependent specularity parameter
where | q| is the magnitude of the wave vector, and θ represents the angle between q and the normal direction to the interface. This expression is nominally derived in the limit of uncorrelated roughness; 49,50 but considering that more correlated surfaces scatter phonons more specularly, 51 surface correlation can effectively be captured by using a lowered ∆.
52
Diffuse interface scattering affects all phonons in the SL and influences phonon mode occupation inside each layer. 33 The effect on interface roughness on mode population can be captured by solving the PBTE with appropriate boundary conditions. The result is an effective interface scattering rate 33 that captures the interplay between internal mechanisms (normal and umklapp threephonon, isotope, alloy, dopant, and electron scattering; see Supplementary Materials) and interface roughness in a layer of thickness L:
where
is a mode-dependent scaling factor. Here, b denotes the phonon branch and q its wave vector, v b,⊥ is the component of the phonon group velocity normal to the interface, and τ b,internal ( q) is the total relaxation time due to internal scattering mechanisms in the layer (see Supplementary Materials). It is noteworthy that the effective rate of interface scattering (2a) depends on both roughness and the relative size of the layer thickness (L) to the mean free path for internal scattering (τ b,internal ( q)v b,⊥ ): for very thin layers (L/τ b,internal ( q)v b,⊥ << 1) the phonon "sees" both interfaces of a layer (τ
, a wellknown expression derived by Ziman 50 ), while for very
, the phonon will scatter many times due to internal mechanisms between successive interactions with interfaces, as if the interfaces were completely independent (τ
. For details, see Ref. [33] . Through this additional effective scattering rate, rough interfaces that bound each layer affect phonon population and thus influence both in-plane and cross-plane thermal transport.
33
This is the first aspect of interfacial influence on thermal transport in SLs.
The cross-plane thermal conductivity bears an additional influence of the interfaces. 24, 53 In order to carry heat along the cross-plane direction, phonons must cross interfaces. As there are two different materials on the two sides of the interface, the phonon transmission probability through the interface is not unity, and a thermal boundary resistance emerges. There have been two widely accepted models -the acoustic mismatch model (AMM) 23, 54 and the diffuse mismatch model (DMM) -for the calculation of the phonon transmission coefficient and the TBR.
24
From the AMM point of view, the interface between two isotropic media is treated as a perfect plane and the phonons are treated as plane waves. The AMM transmission coefficient is the ratio of transmitted to injected heat flux, and is calculated upon solving the elastic continuum equation with appropriate boundary conditions (continuity of the normal component of the wave number, which will yield a Snell's law analogue, and continuity of the velocity field and tangential force). The AMM transmission coefficient for a phonon going from material 1 to material 2 can be expressed as:
are the perpendicular acoustic impedances of sides 1 and 2. ρ is the mass density of a material. Here, we work with full phonon dispersions, so it is hard to achieve detailed balance, i.e., conserve both momentum and energy for a phonon going through an interface. However, the lattice structures and dispersion curves for III-As are very similar, so we simply momentum and the resulting error in energy conservation is quite small.
On the other hand, in the DMM, the assumption is that the coherence is completely destroyed at the interface: a phonon loses all memory about its velocity and randomly scatters into another phonon with the same energy. The transmission coefficient can be derived from the principle of detailed balance as
where D 1 (ω) and D 2 (ω) are the phonon densities of states in materials 1 and 2, respectively.
In reality, for a high-quality interface like that in a III-V SL structure, phonon interface scattering is neither purely specular nor completely diffuse; consequently, the AMM overestimates while the DMM underestimates the transmission coefficient. 56 In order to accurately model the TBR in a large temperature range and for various interfaces, we will interpolate between the two models for the transmission coefficient. 18, 57 We posit that the specularity parameter (1) can also be used to give weight to the probability of phonon transmission without momentum randomization, i.e., to the AMM transmission coefficient. In other words, we introduce an effective phonon transmission coefficient as
This coefficient captures both the acoustic mismatch and the momentum randomization at a rough interface between two media. The rougher the interface, the lower the specularity parameter, and therefore the higher the TBR. The TBR will only be picked up by the phonons trying to cross an interface, thus having an influence on cross-plane transport only. This is the second effect the roughness has on the thermal transport.
We note that the above discussion holds for acoustic phonons, which are the dominant carriers of heat in semiconductors. The role of optical phonons in bulk heat transport has recently been highlighted, 58 but they are relatively minor contributors to bulk heat transport owing to the low occupation number and group velocity. It is also unclear how optical phonons behave when crossing boundaries, but it is likely that their transmission is highly suppressed because their existence hinges of good crystallinity. A recent paper by Ong and Zhang supports this assertion. 59 Therefore, optical phonons are neglected in this study.
B. Calculation of In-plane and Cross-plane Thermal Conductivities
First, each layer's thermal conductivity is calculated in the same way as the bulk thermal conductivity of a material (see Sec. S-I in Supplementary Materials), but with an additional scattering rate (2a) due to the presence of interfaces. 33 The layer thermal conductivity obtained this way will already be lower than the bulk thermal conductivity of the same material.
Second, the TBR is calculated using a transmission coefficient interpolated from the AMM and the DMM values. The TBR from material 1 to material 2, denoted R 1→2 , is given by
. (6) The denominator in the expression is a correction factor introduced following the modified definition of temperature of Simons 60 and Zeng and Chen, 61 as the phonon distribution at the interface is far from equilibrium. The correction ensures that the TBR vanishes at a fictitious interface inside a material. Here
represents the average value of transmission coefficients over the Brillouin zone. With properly calculated layer thermal conductivity and the TBR, the in-plane and cross-plane thermal conductivity of a SL with two layers per period can be written as 33, 53 
where L 1 and L 2 are the layer thicknesses of materials 1 and 2, respectively, while κ 1 and κ 2 are the corresponding layer thermal conductivities. R 1→2 and R 2→1 represent the TBRs from layer 1 to layer 2 and from layer 2 to layer 1. The expressions can be extended to the situation of a SL with n layers of thicknesses L i (i = 1, . . . , n):
with the understanding that R n→n+1 ≡ R n→1 , owing to periodic boundary conditions (i.e., after the last layer n comes layer 1 again). Considering that the TBRs are generally not symmetric (R i→j = R j→i ), the cross-plane thermal conductivity is not the same in both directions, so SLs can exhibit thermal rectification properties.
III. RESULTS AND COMPARISON WITH EXPERIMENTS A. GaAs/AlAs Superlattices
We have compared the results from our simple model with several experimental results by different groups on both in-plane 7,9,15 and cross-plane 8,10,12,15,16 thermal conductivity of III-arsenide SLs and obtained good agreement. Figure 2 shows the RT in-plane thermal conductivity of GaAs/AlAs SLs with various layer thicknesses. To compare with Yao's data, 7 we set the effective interface roughness to 6Å. The in-plane thermal conductivity should first increase monotonically with increasing layer thickness, then saturate at the average bulk value of roughly 66 W/mK. The measurement is non-monotonic and appears to saturate at a lower value, which Yao 7 suggested stems from pronounced interfacial mixing and thus considerable alloy scattering of phonons between layers. We note that our model does not capture significant interfacial mixing and is instead suitable for high quality interfaces with only atomic-scale roughness. 9 and the blue curve shows the calculations from our model with ∆ = 3.7Å. Figure 3 shows the in-plane thermal conductivity of a GaAs/AlAs SL with a layer thickness of 70 nm at various temperatures. The symbols are the experimental results reported by Yu et al. 9 and the line is our calculation with ∆ = 3.7Å. The calculation agrees well with experiment over a wide temperature range. Figure 4 shows the cross-plane thermal conductivity of GaAs/AlAs SLs with various layer thicknesses and from 100 K to 400 K. Symbols show the experimental results reported by Capinski and Maris 10 and Capinski et al.
12
The corresponding curves are obtained from our model. We first set the layer thicknesses to those reported in experiments and then vary the effective roughness to get the best fit; panels (b1)-(b4) in Fig. 4 illustrate how sensitive thermal conductivity is to rms-roughness variation. 
FIG. 4. (a)
Cross-plane thermal conductivity of GaAs/AlAs superlattices as a function of temperature. Blue circles, orange diamonds, and brown squares show the measured cross-plane thermal conductivity data for 40×40, 25×25, and 10×10 SLs from Capinski et al. 12 Grey stars are the crossplane thermal conductivity data for a 12×14 SL from Capinski and Maris.
10 The corresponding curves are calculated based on our model, with the optimal effective rms roughness ∆ denoted in the legend. (b1)-(b4) Sensitivity of the crossplane thermal conductivity to interface roughness. Each panel represents one set of data from (a), along with the optimal fit based on our model [also given in (a)], and a shaded area depicting the range of thermal conductivities that would be obtained by varying rms roughness ∆ by 0.5Å.
The optimal-fit rms roughness is 1.75Å, 1.65Å, 1.3Å, and 1.8Å for the 40×40, 25×25, 10×10, and 12×14 SLs, respectively [× is the notation in these two experimental papers]. The small values of the rms roughness are in keeping with high-quality interfaces, featuring large-area atomically flat terraces. The cross-plane thermal conductivity varies very little as the temperature changes, indicating that the TBR indeed dominates thermal transport across layers. 15 and our calculated data for GaAs/AlAs SLs with layer thickness of 2 nm and 8 nm. In the calculation, we assume an interface rms roughness of 1.1Å for the 2-nm system and 1.9Å for the 8-nm one.
Luckyanova et al. 15 recently measured both the inplane and the cross-plane thermal conductivity of a GaAs/AlAs SL. Our calculation for the same structure and the experimental results are shown in Table I . All the calculation results used an effective interface rms roughness of 1.1Å for the 2-nm system and 1.9Å for the 8-nm one, which results in good agreement for the crossplane conductivity; however, the measured in-plane thermal conductivity is considerably lower than the calculation. In fact, the experimental data from Luckyanova et al. 15 shows a great discrepancy with all the previous experiments on similar systems.
7,9,10,12 For example, the in-plane thermal conductivity of their 8-nm SL is considerably smaller than that of the 5-nm SL in Yao's paper, should have worse or at best equivalent interface quality to the samples in the most recent work, 15 owing to the development in growth techniques that happened over the past few decades; yet, older samples show higher conductivities. Luckyanova et al. 15 also performed density functional perturbation theory (DFPT) simulation, the results of which are about twice what they measured.
B. InGaAs/InAlAs Superlattices
Sood et al.
16 studied the RT cross-plane thermal conductivity of lattice-matched InGaAs/InAlAs SLs (In 0.53 Ga 0.47 As/In 0.52 Al 0.48 As) with varying layer thicknesses. They used the notation AmGn to represent a SL structure with the InAlAs and InGaAs layer thicknesses of n and m nanometers, respectively. Six different SL structures (A2G2, A2G4, A2G6, A4G2, A4G4, A6G2) were measured and these experimental results are reproduced as blue diamonds in Figure 5 .
We show our calculation results in Figure 5 . The green circles are the results with our calculated bulk rates (see Supplementary Materials). We assume very small roughness ∆ = 0.5Å, in keeping with the X-ray diffraction measurements that show nearly perfect interface quality. We note that the green data points are higher than the measurement, but that the trend with the period length 16 , green dots show our calculation with regular scattering rates, and red squares show the calculation results with artificially increased bulk rates for InAlAs. In both calculations, ∆ is chosen to be 0.5Å, in keeping with the perfect interface quality revealed in X-ray diffraction experiments.
is the same as in experiment. Indeed, increasing the interface roughness would significantly and adversely affect the slope of the thermal conductivity with increasing period length. Therefore, we assert that the reason for the discrepancy has to do with internal scattering in InAlAs.
Namely, from their data, Sood et al. 16 extract the bulk thermal conductivities of InGaAs and InAlAs to be 5 W/mK and 1 W/mK, respectively. While our calculated bulk thermal conductivity of InGaAs (5.17 W/mK) matches experiment, we calculate the bulk conductivity of InAlAs to be 3.1 W/mK, considerably higher than what Sood et al. reported. Unfortunately, there is no direct experimental measurement of the thermal conductivity of InAlAs.
In red squares, we artificially increase the internal scattering rate of InAlAs so that its bulk thermal conductivity is around 1 W/mK, in keeping with Sood et al. 16 , and we keep the interface scattering rate as before, corresponding to very small ∆ = 0.5Å for good-quality interfaces. We see that the red squares agree very well with experimental data, both quantitatively and in the trend with with increasing period length. Considering that the normally calculated thermal conductivity for InAs and AlAs agree with experiment, and that our calculation for InGaAs agrees well with other measurements as well with the value extracted by Sood et al. 16 we believe there is a nontrivial aspect of alloy scattering in InAlAs that leads to much lower bulk conductivity of InAlAs than anticipated. Namely, the standard massdifference scattering model based on the work of Abeles is rooted in the perturbation theory. In InAlAs with nearly equal amounts of InAs and AlAs, the difference between the cation masses exceeds the average cation mass owing to the large atomic-mass difference between In and Al, which we believe makes a perturbative approach invalid. This is not a problem in either AlGaAs or InGaAs, where the cation mass disparity is not as dramatic as in InAlAs and the perturbative mass-difference calculation agrees well with measurements (see Supplementary Materials). The hypothesis that the perturbative mass-difference approach fails in InAlAs would have to be tested in atomistic simulations, which are beyond the scope of this work, and in direct experimental measurements of the bulk thermal conductivity of InAlAs.
C. Application to Thermal Modeling of a Quantum Cascade Laser
The quantum cascade laser is a common application of III-V SLs. The active region of a QCL consists of tens of repeated stages, where each stage consists of tens of thin layers. 19 Thermal modeling of such devices has always been challenging because of the great anisotropy in thermal transport caused by the SL structure.
2,14 It is difficult to accurately describe the in-plane and crossplane thermal conductivity of such structures with existing simulation methods because of the complicated layer structure inside one stage.
It is often assumed that the in-plane thermal conductivity of a SL structure is 75% of the corresponding bulk average in all temperature ranges. Under this assumption, a constant cross-plane thermal conductivity is used as a tunable parameter to fit the measured temperature profile. 22, 64, 65 We show below that the assumption about in-plane thermal conductivity being 75% of the weighted bulk value does not generally hold. This ratio is lower and temperature dependent, varying from 40% to 70% as the temperature raises from 100 K to 400 K (inset of Fig. 6 ). Overestimating the in-plane leads to somewhat underestimating the cross-plane thermal conductivity based on a fit to a temperature profile.
22,64,65
Figure 6 shows our calculated in-plane and cross-plane thermal conductivity for a typical QCL active region.
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A single stage of the SL structure consists of 16 alternating layers of In 0.53 Ga 0.47 As and In 0.52 Al 0.48 As, and the interface roughness is set to 1Å. The in-plane thermal conductivity is 65% of the bulk value at RT, and the calculated cross-plane thermal conductivity is 2.37 W/mK, close to but slightly higher than the extracted experimental value of 2.2 W/mK. It is reasonable because their estimated in-plane thermal conductivity is slightly higher. Furthermore, the anisotropy of thermal conductivity is not overly pronounced: the ratio between the in-and cross-plane value is only about a factor of 2 in InGaAs/InAlAs-based QCLs here. The ratio is greater (∼5.5 at 100 K) for GaAs/AlGaAs-based QCLs, 22 because the in-plane thermal conductivity is much higher as GaAs is a binary material. The cross-plane thermal conductivity is fairly insensitive to temperature variation, which underscores the dominance of the temperatureinsensitive TBR on cross-plane heat conduction. (We note that we have used the mass-difference alloy scattering model, which as discussed above (Sec. III B) may underestimate alloy scattering in InAlAs.)
Because there is no universal relationship between the in-plane, cross-plane, and the weighted average of bulk thermal conductivity, it is difficult to get a sense of what the thermal conductivity would be for a new structure. In such cases, the model we presented here can provide a fairly quick calculation to help with thermal modeling of novel QCL structures.
66

IV. CONCLUSION
By solving the phonon Boltzmann transport equation under the RTA, we analyzed thermal transport in III-As SL structures. The calculation of the thermal conductivity tensor in superlattices involves each layer's conductivity, itself affected by the impact of diffuse interface scattering on phonon populations, as well as explicit thermal boundary resistance that only affects cross-plane thermal transport. We calculate the TBR between interfaces based on interpolating the transmission coefficient between AMM and DMM, where the specularity parameter (traditionally used to describe diffuse scattering) is also used as the AMM weight in the interpolation. Therefore, with a single free parameter -the effective interface rms roughness ∆ (often ranging from 0.5Å to 6Å for highquality III-As interfaces) -we captured the transport properties of multiple GaAs/AlAs and InGaAs/InAlAs SL structures over a wide temperature range (70 K to 400 K). We have also applied the model to a typical QCL structure, in good agreement with experiment.
The presented model is fairly simple yet quite accurate, especially when used with full phonon dispersions. It can be very useful for thermal modeling complicated QCL structures, with many interfaces. The model is also applicable to other material systems where SLs have good-quality interfaces and phonon transport can be considered incoherent. We are interested in thermal transport in III-V compound semiconductors, where acoustic phonons carry most of the heat.
1,2 The full thermal conductivity tensor of a crystalline semiconductor at temperature T can therefore be calculated by summing over the contributions from all phonon wavevectors and branches,
where C b ( q, T ) is the phonon heat capacity for mode b, given by
τ b ( q, T ) is the total phonon relaxation time and v α b ( q) is the mode-and wavevector-specific phonon group velocity along the α direction. Both the heat capacity and the group velocity are calculated from the exact phonon dispersion relation using the adiabatic bond charge model (ABCM). [4] [5] [6] We numerically evaluate Eq. (S1) over the first Brillouin zone (1BZ) to obtain one entry in the bulk thermal conductivity tensor. When dealing with ternary compounds (A x B 1−x C), the parameters in the ABCM are calculated in the virtual crystal approximation (VCA). 7, 8 Note that the full phonon dispersions are important in order to obtain an accurate density of phonon states, which results in an accurate thermal conductivity tensor. In Sec. S-II, we present a detailed analysis of the role of the full dispersion by comparing the calculations with best isotropic fits to those with full dispersion. The difference between the corresponding thermal conductivities κ along a given direction can be appreciable (subscripts iso and full denote the type of dispersion): κ iso ≈ 0.6κ full for binary compounds and κ iso ≈ 1.2κ full for evenly mixed ternaries.
We only include acoustic phonon branches, which are the dominant carriers of heat in semiconductors and whose dispersions are accurately captured by the VCA.
S-I.B. Phonon Interactions in Bulk III-V Compound Semiconductors
The total phonon relaxation time of a phonon in branch b and with wavevector q is given by
where i represents the ith scattering mechanism. In this model, we consider all the important scattering mechanisms for thermal transport in III-Vs: the three-phonon umklapp (U) and normal (N) scattering processes (often referred to together simply as phonon-phonon scattering), mass-difference scattering (due to naturally occurring isotopes or alloying), and scattering with charge carriers and ionized dopants. The following subsections discuss each mechanisms, while Table S-I lists all the parameters used in the calculations.
S-I.B.1. Phonon-phonon Scattering
The three-particle phonon-phonon scattering is the dominant mechanism over a wide temperature range. We consider both U and N processes in our calculations.
2,9
In U processes, phonon momentum is not explicitly conserved, which leads to a thermal resistance. N processes do not cause thermal resistance directly, but rather influence the strength of U processes as they redistribute the phonons among branches. The relaxation time due to the U processes is
whereM is the average mass of an atom in the crystal, and γ b is the Grüneissen parameter for branch b. Since experimentally measured values of γ b vary a lot, 11-13 we started with a reference value and slightly adjusted it to get the best fit to the experimentally obtained thermal conductivity (see Table S-I) . Θ b,D is the mode-specific Debye temperature calculated from
where D b (ω) is the mode-specific phonon density of states (DOS) calculated from the full phonon dispersion using the numerical method proposed by Gilat and Raubenheimer.
14 The relaxation time due to normal scattering has different forms for the transverse acoustic (TA) and the longitudinal acoustic (LA) phonons, and the form is given by
and
Here, Ω 0 is the average volume occupied by an atom in the lattice. We assume that the same Grüneissen parameter holds for both N and U processes in a given branch. Given that the high-temperature limit to thermal conductivity is dominated by N and U processes, we tune the branch Grüneissen parameter until the best fit to the high-temperature (> 300 K) thermal conductivity is found. In our calculations, B T N is on the order of 10
N is on the order of 10
, varying slightly as the group velocity and mass difference changes for different materials (see Table S -I).
S-I.B.2. Mass-difference Scattering
There are two major sources of mass-difference scattering in compound semiconductors: the natural occurrence of isotopes and the fact that the compound is formed with different elements. The scattering rate of a phonon due to mass-difference is
where Γ M is the total mass parameter, obtained by summing all the mass parameters. For a single element A with an average mass ofM
, where f i and M i,A are the abundance and the mass of the ith isotope of element A, the isotope mass parameter is
For a compound with the form of A x B y C z ..., the effective isotope mass parameter can be expressed as
whereM
is the average atom mass in the compound. Here, we are interested in both binary and ternary IIIAs compounds, so the general form of the compound becomes A x B 1−x As, (0 ≤ x ≤ 1). Since the element As has only one stable isotope, 75 As (Ref. ? ), our total isotope mass parameter simplifies to
In binary (x = 0 or x = 1) compounds, isotope scattering is dominant at low temperatures (< 150 K). In ternary (0 < x < 1) compounds, different masses of the group-III elements A and B result in alloy massdifference scattering. The alloy mass-difference parameter is 7, 20 
Here, a A and a B are the lattice constant of binary compounds AAs and BAs, respectively. is an empirically determined constant, which captures the scattering caused by the mismatch of lattice constants. We take = 45 for the III-V compounds following Abeles.
7
Relative abundance of isotopes is taken as: 
S-I.B.3. Dopant and Electron Scattering
When III-V compound semiconductors are doped (we consider n-type only for our applications of interest), group-III atoms may be randomly replaced by a group IV dopant, creating extra free electrons. Doping introduces two additional scattering mechanisms, phonon-electron interaction and impurity mass-difference scattering. At low doping levels, the relaxation time due to phononelectron interaction can be expressed as
(S12) Here, N D represents the doping concentration, ξ def is the deformation potential, ρ is the density of the crystal, and m * is the electron effective mass in the crystal. For ternary materials, m * is obtained from a weighted average of those in the constituent binary materials. The impurity mass-difference scattering yields an additional contribution to the total mass-difference parameter discussed in the previous section,
N 0 = 1/Ω 0 is the concentration of native atoms, and δM = M D −M III is the mass difference between the dopant and the average mass of group III atoms being replaced.
The effect of scattering introduced by doping is negligible when the impurity density is below 10 17 cm −3 , and still small compared to other scattering rates when the doping density exceeds 10 18 cm −3 , in good agreement with experiment. 
S-I.C. Benchmark: Thermal Conductivity of Binary Compounds
We apply the scattering rates and the thermal conductivity model to three binary arsenide compoundsGaAs, AlAs, and InAs -whose thermal properties over a wide temperature range have been extensively studied both experimentally [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] and via ab inito calculations.
2 Figure S1 shows the thermal conductivity of GaAs obtained from the full dispersion calculation from our model in comparison with the experimental results from Amith et al., 23 Carlson et al., 24 Inyushkin et al., 25 and the ab inito results of Lindsay et al.
2 By slightly adjusting the Grüneissen parameter, we can get thermal conductivity that agrees very well with either experiment (green curve) or first-principles calculations (light-blue curve). 2 The orange curve is an analytic fit to the experimental data of Evans et al. 28 The purple curve is the calculated thermal conductivity based on our model and with the isotropic dispersion approximation (see Appendix SECTION S-II). Blue circles, yellow triangles, and blue diamonds correspond to the experimental data from Inyushkin et al., 25 Carlson et al., 24 and Amith et al., 23 respectively. The purple curve shows the calculated thermal conductivity with the isotropic dispersion approximation. Yellow triangles, brown circles, pink diamonds, and orange squares correspond to the experimental data from Heckman et al., 32 Tamarin et al.,
30
Guillou et al., 31 and Bowers et al., 29 respectively.
S-I.D. Benchmark: Thermal Conductivity of Ternary Compounds
Alloy scattering is the dominant mechanism that influences the thermal conductivity of ternary arsenide compounds. Unfortunately, very few experiments 7, 20, 26, 33 have been carried out on these materials and they were all performed at room temperature. In Figures S4 and  S5 , we compare our calculated thermal conductivity of In x Ga 1−x As and Al x Ga 1−x As with various compositions with experimental results. 7, 20, 26, 33 Our calculations agree well with the available experimental data over a wide range of compositions. To our knowledge, no systematic measurements of the thermal conductivity of In x Al 1−x As have been carried out thus far.
SECTION S-II. PARAMETERIZED ISOTROPIC DISPERSION
In order to calculate the thermal conductivity with full dispersion relations, we need to calculate and store the information for each material, which requires a lot of computation time and memory. However, it is a necessity in our case to achieve accuracy. First, we want to be able to calculate the thermal conductivity of a ternary material with any given composition for which experimental work may generally not be available. Besides, experiments cannot give us the dispersion information on any composition and wave vector we want. Figure S6 shows the exact phonon dispersion of In 0.53 Ga 0.47 As along highly symmetric directions calculated from the ABCM. As we can see, the dispersion is not isotropic, and two TA branches are degenerate along the [100] (Γ−X) direction. Also, we can see that the isotropic Debye approximation or the sine approximation of the dispersion are not ideal in capturing the features.
Thermal conductivity calculation of the three binary compounds (Figs. S1-S3) show that using isotropic dispersions underestimates thermal conductivity for the binaries, primarily because the two TA branches are not actually degenerate (Fig. S6) , and TA2 carries more heat than TA1 because of the higher average group velocity. The isotropic dispersion also overestimates the thermal conductivity of ternary materials, mainly because the phonon DOS calculated from the isotropic dispersion is much smaller than that from full dispersion (Fig. S7) . To take advantage of the work we have done, and make it easier to get a sense of what the dispersion relation of a ternary compounds with a random composition is like, we fit our full dispersion data along [100] direction with a quadratic expression, which has been shown to perform well in materials with similar crystal structures, such as Si 34 and GaN. 35 With the two TA branches being degenerate, the dispersion relation reads Figure S8 shows that the expressions yield a good fit to the dispersion. We report the parameters in our quadratic fit, so that one can get an easy and reasonably accurate estimate of the phonon dispersion of ternary group-III arsenide materials with any composition. Figures S9 and S10 show the two fitting parameters 
where b =TA or LA. We have calculated the parameters for three types of ternary compounds, In x Ga 1−x As, In x Al 1−x As, and Al x Ga 1−x As, and they are reported in Table S-II. The isotropic approximation (S14) to the full dispersion gives a fairly good estimate of the sound velocity. The calculated thermal conductivity based on the isotropic approximation does differ from that calculated with full dispersion: κ iso ≈ 0.6κ full for binaries and κ iso ≈ 1.2κ full for almost evenly mixed ternaries. The error is in between when a ternary is not an even mixed of two binaries. However, if high accuracy is not critical, good estimates are possible with isotropic dispersions that use the pa- TABLE S-II. The sound velocity and quadratic coefficient, Eq. (S14), in the best isotropic dispersion approximation to the phonon dispersion of III-As binaries.
rameters given in Table S-II. 
